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TWISTED CONVOLUTION AND MOYAL STAR PRODUCT OF 
GENERALIZED FUNCTIONS 



M. A. SOLOVIEV 

Abstract. We consider nuclear function spaces on which the Weyl-Heisenberg group 
acts continuously and study the basic properties of the twisted convolution product 
of the functions with the dual space elements. The final theorem characterizes the 
corresponding algebra of convolution multipliers and shows that it contains all suffi- 
^ ■ ciently rapidly decreasing functionals in the dual space. Consequently, we obtain a 

general description of the Moyal multiplier algebra of the Fourier-transformed space. 
The results extend the Weyl symbol calculus beyond the traditional framework of 
tempered distributions. 



Or 



1. Introduction 

The twisted convolution product of functions gi(s) and gi (s) on a linear symplectic 
space is a noncommutative deformation of the ordinary convolution and is defined by 
the formula 

(gi m aOOO = j gx{t)g 2 {s - t) e^dt, (l) 

where 9 is the bilinear skew-symmetric form specifying the symplectic structured The 
Fourier transform converts the twisted convolution into the Weyl-Groenewold-Moyal 
star product -kg which gives the composition rule for the Weyl symbols of quantum 
mechanical operators and plays a key role in the Weyl quantization, see [I], [SJ. It is 
worth noting that the composition rule for phase-space functions, which corresponds 
to the composition of operators on a Hilbert space, was originally written by von 
Neumann [3j just in terms of the twisted convolution. It is customary to define the star 
multiplication and twisted convolution first for smooth and rapidly decreasing functions 
in the Schwartz space S, which forms an associative topological algebra under either 
of the two operations. But in practice, depending on the problem under study, we 
must consider an extension of these operations to one or another subspace of the dual 
space S' of tempered distributions. Antonets proposed a maximal extension by duality 
that consisted in constructing the multiplier algebra of the algebra (S 1 , -kg) @]-[6] or, 
equivalently, of the algebra (S, ®g). This extension was later studied in many papers 
and most thoroughly in [7]-[10| (a detailed review and references can be found in [11]). 

Field theory models on noncommutative spaces based on using the Moyal star prod- 
uct have been intensively investigated in the last 15 years, (see, e.g., [12] for an in- 
troduction to this topic). The interest in noncommutative spaces was stimulated by 
the in-depth analysis of the quantum limitations on the accuracy of localization of 
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space-time events in quantum theory including gravity [13], [Hj and by the study of 
the low energy limit of string theory |15j . There is reason |16|-|18j to believe that the 
framework of tempered distributions is too narrow for a consistent formulation of the 
general principles of noncommutative quantum field theory. The Moyal product is non- 
local and its expansion in powers of the noncommutativity parameter 9 converges only 
on analytic test functions whose Fourier transforms decrease at infinity faster than the 
Gaussian exponential function [19], [20]. An analysis of microcausality violations in the 
simplest noncommutative models |21]-|23] indicates a possible connection between non- 
commutative field theory and the previously considered nonlocal theories, which treat 
quantum fields as operator-valued generalized functions defined on a suitable space of 
analytic test functions instead of the Schwartz space. The problem of appropriately 
generalizing the Weyl symbol calculus arises. 

In [19], we established a condition under which a nuclear test function space E(WL d ) 
with the structure of a topological algebra under ordinary convolution is also an algebra 
under the twisted convolution and its Fourier-conjugate space is hence an algebra under 
the Moyal product. This condition can be written as 



where E®E is the completed projective tensor product identifiable with E(M. 2d ) by the 
kernel theorem and M(E (§> E) is the space of its multipliers with respect to ordinary 
pointwise multiplication. In the case of Gel'fand-Shilov spaces Sp [23] considered in |19j . 
condition ([2]) leads to the restriction a > f3 on the specifying indices. Palamodov 
precisely described the set of pointwise multipliers for the spaces [25], and their 
corresponding algebras of Moyal multipliers were constructed in [26J. 

Here, we show that the problem under discussion can be solved in a general form and a 
Moyal multiplier algebra can be constructed for any complete, nuclear, barrellecQ space 
on which the Weyl-Heisenberg group acts continuously. We also describe the elements 
of these algebras using only well-known facts from the theory of tensor products of 
nuclear spaces [27] . which allows avoiding complicated analytic estimates. The basic 
observation is that condition ([2]) implies that 



where M{E) is the space of pointwise multipliers for E. This allows characterizing those 
elements of the dual space E' that are multipliers of the algebra (E, ®e) sufficiently 
exactly. 

The paper is organized as follows. In Sec. El we consider function spaces endowed 
with a continuous linear action of the Weyl-Heisenberg group and define the twisted 
convolution of elements of the space with elements of its dual. We also present the 
noncommutative analogues of some properties of the usual convolution. In Sec. [3] we 
introduce the basic notion of a twisted convolution multiplier. Section 2] contains the 
main theorems; there, we show that the implication ([2]) => (|3|) holds under natural 
assumptions on the spaces under consideration, and using this implication, we obtain a 
characterization of the algebra of twisted convolution multipliers. Section [5] is devoted 
to the most interesting case of spaces invariant under the Fourier transform. In Sec. [6] 
we illustrate the general construction with concrete examples. The appendix contains 
the proof of a useful simple criterion for the continuity of the action of topological 
groups on spaces of the considered type. 



Practically all spaces used in the theory of generalized functions have these properties, see [27] for 
their definition and role in functional analysis. 



e~2 y g M{E <g) E) 



(2) 



v ® e g e M(E) and g ® 9 v G M(E) for all g € E, v € E' 



(3) 
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2. The Weyl-Heisenberg group and the twisted 
convolution 

Let £ be a locally convex space of complex-valued functions on R and let be a 
bilinear symplectic form, i.e., a nondegenerate skew-symmetric inner product on R rf . 
We assume that the twisted shift operator 

T ey.g{t)^e¥^g(t-s), g G E, (4) 

is defined and continuous on E for each s G R d . The operators tq^ s realize a projective 
representation of the translation group to which corresponds a linear representation 
of its central extension generated by the initial symplectic structure, i.e of the Weyl- 
Heisenberg group consisting of elements of the form a = (a, s), where a G R and s G R , 
with the multiplication law 

CLICL2 = \ Oil + «2 + -0{s\,S2),Sl + S2 

We also assume that E is invariant under the complex conjugation g — > g*. Then, 
along with the representation a — > e ta Tg jS , the conjugate representation a —> e~ ia fg^ s is 
realized on E with 

fe, s :g(t)^e-^g(t-s). (5) 

If E is also invariant under the coordinate reflection g(t) — > g(t) '■= g{—t), then the 
functions 

(v ®e 9)(s) •= U eh 9 Mg{s - •) V {gm v){s) := (v, e -^g(s - -)\ , (6) 

are well defined for any g G E and any v G E' . We call them the twisted convolution 
products of the function g with the functional v. 

Remark 1 . The symplectic form entering in the definition of the Weyl-Heisenberg group 
is usually assumed to be standard and determined by the matrix J 



-In 

where 2n = d. But for any other form 8, the group is obviously the same up to 
an isomorphism because every symplectic space has a symplectic basis |28j. In the 
Wigner-Weyl representation, or phase-space formulation of quantum mechanics, the 
twisted convolution is determined by the matrix hJ, where the Planck constant h plays 
the role of a noncommutative deformation parameter. 

Although operators (j4|) and © and also functions ([6]) carry the subscript 6, we omit 
it in what follows if it cannot cause confusion. We also assume that E is a dense vector 
subspace of the Schwartz space S, although definition © is meaningful even in a more 
general situation, for example, when E is continuously and densely embedded into I? 
and there is hence a canonical embedding E — >■ E' and formulas © extend the initial 
twisted convolution operation on the elements of E. As usual, we let C(R d ) denote the 
space of all continuous functions on M. d and give it the topology of uniform convergence 
on compact sets. 

Proposition 1. Let E be a locally convex space of complex-valued functions on W 1 . 
If the reflection transformation g — > g and operators (jU) and ([5]) act continuously on 
E, then functions © belong to C(M. d ). If, in addition, E is barrelled, then the maps 
(g,v) — > v © g and (g, v ) — > g © v from E x E' to C(R ) are separately continuous. 

Proof. Formulas ([6]) can be rewritten as 

(v®)(s) = (v,r s g), (g®v)(s) = (v,f s g). 
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The continuity of the action of t s on E means that the map W 1 xE — > E: (s,g) — >• r s <7 is 
continuous. Hence, functions (jBJ) are obviously continuous in s under our assumptions. 
If g is fixed and s ranges over a compact set K in then T s g ranges over a compact 
set Q in E. Therefore, the map v —> v ® g is continuous in the strong topology of E' 
by its definition as the topology of uniform convergence on bounded sets. Analogously, 
the map v — > g © v is continuous. Now let v be fixed. The set of operators r s , s G K, is 
pointwise bounded; hence, if is barrelled, then this set is equicontinuous by the general 
Banach-Steinhaus theorem (Sec. III. 4. 2 in [27]). Therefore, for any neighborhood U of 
the origin in E, there exists a neighborhood V such that T s g G U for all g G V and for 
any s £ K. Taking U to be a neighborhood on which v is bounded by a number e > 0, 
we conclude that the map g —> v © g is continuous. It can be similarly verified that the 
map g — > g ® v is continuous. The proposition is proved. □ 

Remark 2. Our main theorems concern complete nuclear spaces. Such spaces are bar- 
relled if and only if they are reflexive and then they are Montel spaces [27j . In the 
appendix we prove Lemma [H which gives easily verifiable sufficient conditions for the 
continuity of the action of topological transformation groups on Montel function spaces. 

The operators t s are automorphisms of C(M. d ) and it is easily seen that the linear 
map L v : g — > v®g commutes with them. Analogously, the map R v : g — > g®v commutes 
with all operators f s . 

Proposition 2. Let E satisfy the conditions of Proposition^ and let A be a continuous 
linear map from E to C(R ). If A commutes with all the operators t s (with all f s ), 
then there exists a unique functional v G E' such that Ag = v ® g (Ag = g ® v) for all 
geE. 

Proof. The argument is analogous to that used for Theorem 4.2.1 in [29], where the 
ordinary convolution and the space E = Co°(M. d ) were considered. We consider the 
case where A commutes with all r s . If such a functional v exists, then (v,g) = (Ag)(0) 
for all g G E and is hence unique. We let v denote the linear form g —¥ (Ag)(0). 
Clearly, v G E' because the operator A and the transformation g — > g are continuous. 
Furthermore, (v ® g)(0) = (v,g) = (Ag)(0). Using the commutativity of A with t s , we 
obtain 

(Ag)(-s) = (T.Ag)(0) = {AT s g)(0) = (v®T s g)(0) = (v®g)(-s) for all s G R d . 

Therefore, Ag = v ® g for all g S E. The second case can be treated in the same way. 
The proposition is proved. □ 

3. Twisted convolution multipliers 

In what follows, we assume that E consists of continuous functions and the embed- 
ding E — > C(R d ) is continuous. The conditions in Proposition [T] are also assumed to be 
satisfied. We define the spaces Cg ; L(E) and Cq,r{E) of left and right ©-multipliers for E 
as consisting of all functionals v € E' such that respectively v ®g g € E and g ®$ v G E 
for each g G E and, in addition, the maps g — > v ®q g and g — >• g ®q v are continuous. 

If the closed graph theorem is applicable to E, then the continuity requirement is 
satisfied automatically here and can be omitted from the definition because these maps 
have closed graphs. Indeed, if g 7 — > g and v ® g 1 — > h in E, then v ® g 1 — > h in C(R d ) 
and vmg = h by Proposition [TJ It follows from Proposition [2] that there is a one-to-one 
correspondence between the elements of Cl(E) and the continuous linear maps E — » E 
commuting with all t s . Letting C{E) denote the algebra of continuous linear operators 
on E equipped with the topology of uniform convergence on bounded sets, we conclude 
that Cl{E) can be identified with its closed subalgebra. If v±,V2 G Cl(E), then we 
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let v\ ®v 2 denote the element of Cl(E) corresponding to the composition of operators 
g — > v\ © g and g — > v 2 © g by Proposition [2J Explicitly, we have 

(vi ®v 2 ,g) = (yx © (v 2 ®g)){0), g G E. (7) 

The natural topology of Cl{E) is the topology induced by that of C{E). Analogously, 
Cr{E) is identified with the subalgebra of operators that commute with all f s . For the 
elements of Cr(E), the twisted convolution product is defined by 

(vt ®v 2 ,g) = {(gmvt) ® v 2 )(0), g £ E. (8) 

If E has the structure of a topological algebra with respect to product (pQ), then the 
algebras Cl(E) and Cr{E) are its extensions. Both of them are unital with the Dirac 
^-function as their identity. Every ©-multiplier of E by duality determines the corre- 
sponding operations on the dual space E', namely 

{w®vt,g) = {w,V!®g), (v 2 ®w,g) = (w,g®v 2 ), w 6 E' ,vi G C L (E),v 2 G C R (E), (9) 

which further extends the initial operation on E. 

If E is invariant under complex conjugation, then the involution g — > g* in E induces 
an involution of E'. In this case (v®g)* = g*®v* and there is hence a canonical antilinear 
isomorphism between Cl{E) and Cr{E). We now consider the intersection 

C e (E)=Ce, L (E)nC e , R (E) (10) 

The natural topology of Cg(E) is the least upper bound of the topologies induced by 
those of Cg t L(E) and Cg^{E). If E n Cg(E) is dense in Cg(E) in this topology and E 
consists of bounded continuous integrable functions, then Cg(E) has the canonical struc- 
ture of a unital involutive algebra with respect to the ©-product, because formulas ([7]) 
and dS|) with v%,v 2 G Cg(E) define the same functional in this case. Indeed, using the 
Fubini theorem, we can easily verify that under these conditions and for v\, v 2 G E, the 
integrals representing the right-hand sides of these formulas coincide, and our assertion 
follows by passing to the limit. 

4. The main theorems 

We must say a few words about the terminology used below. Let J? be a complete 
nuclear locally convex space. If it is a vector subspace of another locally convex space 
Eq and the identical embedding E — > Eq is continuous, we say that E is a complete 
nuclear subspace of Eq. We need the following auxiliary statement. 

Proposition 3. Let E be a complete nuclear subspace of the Schwartz space S(R d ). 
Then E <£> E is a complete nuclear subspace of S(M. 2d ). 

Proof. We recall that the completed projective tensor product of nuclear spaces is 
nuclear |27j . Because ^(IR 2 ^) = S^R^) <S> S(M. d ), there is a natural continuous linear 
map i: E <S> E — >■ S^IR 2 ^), and we need only show that its extension I by continuity to 
E ® E is injective. If E is complete and nuclear, then by the Grothendieck theorem 
(Sec. IV.9.4 in |27| ) the space E®E is identified with the space B e (E' a , E' a ) of separately 
continuous bilinear forms on E' a x E' a , where the subscripts a and e respectively mean 
that E' is equipped with the weak topology and that B is equipped with the topology 
of biequicontinuous convergence. The canonical map E x E — > B e (E' a , E' a ) takes each 
pair of functions (/, g) to the bilinear form 

(f®g)(u,v) = (u,f){v,g), u,vEE'. (11) 

We let f denote the transpose of the embedding j: E — > 5(M d ). Applying the above- 
noted identification also to the Schwartz space, we see that I maps the bilinear form 
b G B e (E' a , E' a ) to the bilinear form on S' x S' whose value on a pair of distributions 
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u,v G S' is h(J'(u), j'(v)). Because j is injective, j'(S') is dense in E' a and 1(h) = 
hence implies b = 0, which completes the proof. □ 

If the conditions of Proposition [3] are satisfied, then we use E(R 2d ) and E <g> E 
equivalently to denote the same space. A simple proof of the kernel theorem generalizing 
the famous Schwartz theorem concerning S^R") to any complete nuclear barrelled space 
is given in [30]. It develops a construction proposed by Grothendieck (Theorem 13 in 
Chap. 2 in [31]). In practice, E(M. 2d ) is determined by the same restrictions as E(M. d ) 
but imposed on functions of the doubled number of variables, see examples in Sec. 6. 

It is well known that the (ordinary) convolution of any tempered distribution with 
any test function in the Schwartz space S is a multiplier of this space with respect to 
pointwise multiplication. The next theorem establishes an analogue of this property 
for larger classes of generalized functions and shows that it is preserved under the 
noncommutative deformation of convolution. For any locally convex space E C S, a 
continuous function fx is called a pointwise multiplier of E if fig G E for all g G E and 
the map g — > fig is continuous]! We let M(E) denote the set of all such multipliers and 
give it the topology induced by that of the operator algebra C(E). 

Theorem 1. Let E be a complete nuclear barrelled subspace of S(R. d ) and let 0(s,t) 

be a symplectic form on Mr. If e 2 g M(E (g) E) and the involutive transformation 
h(s, t) — > h(s, s — t) is a continuous automorphism of E(M. 2d ) = E ® E, then E is an 
algebra under the ®$-product, this product is separately continuous, the functions v®$g 
and g ®gv are well defined and belong to M(E) for any g G E and any v G E' , and the 
maps (g, v) — > v ®q g and (g, v) — > g ®q v from E x E' into M(E) are also separately 
continuous. 

Proof. We first show that if h £ E(M? d ) and s is fixed, then h(s, t) regarded as a 
function of the variable t belongs to E. As in the proof of Proposition [3l we identify h 
with a bilinear separately continuous form h on E' a x E' a . We note that 

h(s,t) = h(5 s ,5 t ), (12) 

where the functional 5 S G E' is defined by (S s ,f) = f(s). Indeed, (fTT|) implies (fT2|) for 
all linear combinations of functions of the form h = f <g> g and (|12p holds by continuity 
for any element of E(M. 2d ). The linear map E' — > C: v — > h(5 s ,v) is continuous in the 
weak topology a(E',E). Therefore, there exists a function h s G E = (E' a )' such that 
(v,h s ) = h(5 s ,v) for all v G E'. Substituting v = 5t here, we obtain h s (t) = h(s,t). 
Clearly, the map h — >■ h s is continuous if E(M. 2d ) and E are endowed with the weak 
topologies. Furthermore, it is easy to see that the function s — > (v,h(s, •)) = h(8 s ,v) 
belongs to E. Indeed, the linear map u — > h(u, v ) is continuous in the topology o~(E' , E) 
and there hence exists a function h v G E such that (n, h v ) = h(u, v) for all u G E' . For 
u = 5 S , this equality becomes h v (s) = (v,h(s,-)). The map E' — > E: v — > h v is also 
continuous in the weak topologies. Moreover, h v depends weakly continuously on h. 

We apply the above consideration to the function h(s,t) = f(s)g(s — t), where 
/, g G E. By the conditions in the theorem, it belongs to E(M. 2d ). We fix a point 
s G M. d and choose / such that f(s) = 1. By what was said above, the function 
t — > g(s — t) belongs to E and the map E — >• E: g(t) — > g(s — t) is weakly continuous. 
Every barrelled space is a Makkey space, it hence follows that this map is continuous 
(Sec. IV. 7. 4 in [27]). Because s can be chosen arbitrarily, we see that the coordinate 
reflection and translations are continuous operators on E. Similar reasoning applied to 

f(s)e~2 d( - s ^g(s - 1) shows that the function t -> e~2 9( - s '^g(s - t) belongs to E and the 



'The continuity condition is automatically satisfied if the closed graph theorem is applicable to E. 
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map g(t) — > e 2 'g(s-t) is continuous. Therefore, twisted shifts dH) and © are also 
continuous operators on E, and the definitions of v® g and g®v in Sec. [2] are applicable 

here. Furthermore, because f(s)(v , e^^ 9 ^''^ g(s — ■)) G E for any / G E, the functions 
(v,T s g) and (v,f s g) are continuous in s for each d € E' . Hence, the sets {r s g: \s\ < 1} 
and {f s g: \s\ < 1}, where 5 is fixed, are weakly bounded. These sets are then bounded 
in the original topology of E (Sec. IV.3.2 in [27]) and the corresponding representations 
of the Weyl-Heisenberg group in E are continuous by Lemma [T] proved in the appendix. 
For any fixed v and g, the functions / • (v ® g) and / • (g ® v) are weakly continuous 
in /, and the multiplication by v ® g and by g © v are therefore continuous operators 
from E to E. We conclude that the twisted convolution products belong to M(E). 

Furthermore, again by what was said above, the function t — > (u,f(-)e 2 > g(t — .)) 
belongs to E for any u G E'. In particular, 

J f(s)e-^ {s ' t) g(t-s)ds = f®g€E. 

Therefore, E is an algebra under the twisted convolution. Clearly, the maps / — > f m g 
and g — >• / ®g are weakly continuous and are hence continuous in the original topology 
otE. 

It remains to prove that the maps (g, v) v ® g and (g, v) — > g ® v from E x E' to 
M{E) are separately continuous. Let v be fixed. We show that for each neighborhood 
U of the origin and for each bounded set Q in E, there exists a neighborhood W of the 
origin such that / • (v © g) G U for all / G Q and for all g G W. By the definition of 
the topology of biequicontinuous convergence, a base of neighborhoods of the origin in 
E (8) E = B e (E' a , E' a ) is formed by sets of the form 

U uy = ibGB(KX): sup |b(«,«)|<ll, (13) 
I ueu°,v€V° J 

where U and V run over a basis of absolutely convex closed neighborhoods of zero in E, 
and U°, V° are their polars, i.e., U° = {u G E' : supj eU \(u, f}\ < 1}. The functional 
v is bounded by unity on a zero- neighborhood which we take as V in (I13p . By the 
conditions of the theorem, for any Ujj,v, we can find neighborhoods U\ and Vi such 
that 

h(s,t) = f(s)e^g(s -t) EUu,v 
for all / G Ui and 5 G Vi. For the bounded set Q, there exists (5 > such that Q C <5C7i- 
We set W = 5V\. Then for all u G J7°, f £ Q, and 5 G W, we have 

|h(«,v)| = \(uj(v®g)}\ < 1. 

In another words, f ■ (v ® g) G = ?7, which proves the continuity of the map 
E — > M(E) : g — > u © g. 

Now let g be fixed and a sequence u n tend to zero in E'. Then the sequence of 
multipliers v n © g — > in the topology of simple convergence on L(E) and hence also 
in the topology of bounded convergence (see Sec. III.4.6 in [27]) because E is a Montel 
space as noted in Remark [21 Hence, the map E' — >• -C(-E) : v — > v ® g is sequentially 
continuous. It remains to show that E' is a bornological space because for such spaces 
the sequential continuity of a linear map into an arbitrary locally convex space implies 
its continuity (Sec. II. 8. 3 in [27]). For this, we recall that every complete nuclear 
space is representable as the projective limit of a suitable family of Hilbert spaces 
E~. The projective limit can be assumed to be reduced and the dual space E' with the 
Mackey topology r(E' , E) is then the inductive limit of the family of spaces El f equipped 
with the Makkey topologies t(E'E^) (Sec. IV.4.4 in [27]). Because the Montel and 
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Hilbert spaces are reflexive, the strong topology of their duals coincides with the Makkey 
topology. Therefore, E' is bornological as an inductive limit of normed spaces. We 
conclude the the map E' — > M{E) : v — > v ® g is continuous. A similar argument for 
g ® v completes the proof. □ 

Corollary 1. If the conditions of Theorem^ are satisfied, then definition ([6]) is equiv- 
alent to the definition of the products v ® g and g ®v by duality, and the relations 

(v ® g) ® f = v ® (g ® f), (g © v) ® f = g ® (v © /), g ® (f ® v) = (g ® f) ® v. (14) 

hold for all v G E' , and g, f G E. 

Proof. For any topological algebra (E,®), the twisted convolution of a function g G E 
with a functional v G E' is defined by duality by the formulas 

(v®g,f) = (v,g®f), (g®v,f) = (v,f ®g), f G E. (15) 

The maps v — > v®g and v — > g®v from E' to E' are then continuous because they are the 
transposes of the continuous maps / — > g ® / and / — > f ® g. For v G E, the right-hand 
sides of the equalities in (|15p are easily seen to coincide with the result of integrating 
functions ([6|) multiplied by the test function /. We must show that this also holds 
for any v G E' . For this, we note that under the conditions in Theorem [U the space 
E is dense in E' . Indeed, as shown in the proof of Theorem [U along with a function 

g(t), E contains all the shifted functions g(t — s) and also all the products e? 6 ^'^ g(t), 
where s G M. d . According to Sec. IV. 8. 4 in [23], it follows that E has sufficiently many 
functions in the following sense. Let a function cp be locally integrable. Then the 
condition that the integral j (p(t)f(t)dt exists and is zero for all / G E implies that 
(p(t) = 0. Therefore, the canonical map E — > E' is injective, and since E is reflexive, this 
map has a closed range by the Hahn-Banach theorem, as stated above. Further, each 
multiplier m G M(E) defines a functional /i G E' by the formula (//, f) = J m(t)f(t) dt, 
and the map 

M(E) -> E': m-> (16) 

is injective by the same reasoning and is continuous by the definition of topology in 
these spaces. Approximating the functional v G E' by functions t> 7 G E, using the 
continuity of the maps v — > v ® g, v — > g ®v from E' to M(E), and passing to the limit 
in the equality 

J {v-y ® g)(t)f(t)dt = (u 7 ,<7® /) 

and in an analogous equality for g ® v 7 , we conclude that map (I16h establishes a one- 
to-one correspondence between the functions defined by ([6]) and the functionals defined 
by (fl5j) . Formulas (fT4"J) follow by continuity from the associativity of the algebra (E, ©), 
which completes the proof. □ 

We now note that, under the conditions of Theorem [lj the space E is an algebra 
under pointwise multiplication. Indeed, for any f,g G E, the function f(s)g(s — t)|t=o 
belongs to E, and it follows from the proof of Theorem [1] that the map (/, g) —> f • g is 
separately continuous. Hence, there is a canonical embedding E — > M(E). We assume 
below that E is dense in M(E). This condition is generally assumed for the multipliers 
of topological algebras and is included in the definition of M{E) in [25] . If the density 
condition is satisfied, then the algebra M{E) is canonically isomorphic to the closure 
in C(E) of the set of all operators of multiplication by elements of E. 

Theorem 2. // the conditions of Theorem^ are satisfied and E is dense in M(E), 
then the space M'(E) dual to M(E) is contained in Cq{E). 
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Proof. Let Q be a bounded set in E. The set of all continuous maps g —¥ f ■ g, where 
/ G Q, is pointwise bounded. By the Banach-Steinhaus theorem, it follows that for each 
neighborhood U of the origin in E, there exists a neighborhood V such that f-g G U for 
all g G V and f £ Q. This implies that the natural injection E — > M(E) is continuous. 
Its transpose M'{E) — >• E 1 ' is hence well defined and continuous. The assumption that 
is dense in M{E) implies that the latter map is injective. Therefore, if w G M'(E), 
then w G E' and w ® g £ M(E) by Theorem [TJ We must show that w ® g G E. By 
Corollary [1] we have 

(w ® g) ® f = w ® (g © /) for all g,f G E. 

The equality of these convolution products at zero can be written as 

{w ®g,f) = {w,g® f). (17) 

We let L' g denote the linear map from M'(E) to E that is transpose of the continuous 
map L g : v — > g ® v. We then have 

(v, Lgib) = (w, g © v) for all v G E . (18) 

For v = f, the right-hand side of (|17p coincides with that of f)18[) . and the left-hand 
side of ()18p is written as J (L' g w)(t)f(t)dt. Because / is an arbitrary element of E 
and this space has sufficiently many functions, we infer that the function (w © g){t) 
coincides with the function {L' g w){—t) belonging to E. It remains to show that the 
map E E: g ^ w ® g is continuous. By Theorem [H for any fixed v G E', the 
map E — > M (E) : g — > g ® v is continuous, and hence a fortiori continuous in the 
weak topologies of E and M(E). Therefore, the scalar-valued function g — > {w,L g v} 
is continuous in the topology a(E,E'), and the map E — > E: g — > L' g w = w ® g is 
hence weakly continuous. Since E is a Mackey space, this map is also continuous in its 
original topology. We conclude that w G Cl(E). Analogously, we obtain w G Cr{E). 
The theorem is proved. □ 

Theorem [2] implies a corresponding result for the space F that is Fourier-conjugate 
to E, i.e., E = F. We let f(s) := J f{x)e~ lx s dx denote the Fourier transform of a 
function /. For any functions f\ and fi in the Schwartz space S, we have the relation 

(/T^7 2 ) = (27r)- d A© e / 2 , (19) 

which can be taken as the definition of the Moyal product of elements of S. Therefore, 
if E satisfies the conditions of Theorems [T] and [2J then F is an algebra under the 
★e-product with separately continuous multiplication. This product can be uniquely 
extended by continuity to the case where one of the factors belongs to the dual space, 
and if u G F' and / G F, then 

(u -kg f) = (2vr)- d U ®g f, (/ -kg u) = (271")^ / ®g U. 

Furthermore, we have the relations 

(u-ke 9,f) = {u,gkg f), {g-kguj} = {u,f kg g), /, g G F, u£F', (20) 

which correspond to formulas (|15p and extend the Moyal product to elements of F 1 
by duality. Because E is an algebra under ordinary multiplication, F is also an al- 
gebra under ordinary convolution. We let C{F) denote the corresponding algebra of 
(ordinary) convolution multipliers and M.b,l{F) and M.q ; r(F) denote the algebras of 
left and right Moyal multipliers for F. Then C{F) = M(F), Mg jL (F) = Cg tL {F), and 
■M-9,r{F) = Cgfi{F). We thus obtain the following result. 
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Corollary 2. If F is a function space whose Fourier transform E = F satisfies 
the conditions of Theorems^ and\^ then the space C'(F) is contained in Me(F) = 
M e , L (F)nMe iR (F). 



5. The case of Fourier-invariant spaces 

The Fourier-invariant function spaces with the structure of an algebra under both 
the twisted convolution and the Moyal products are particularly interest. We recall 
that an autohomeomorphism of a topological space is a continuous bijection of this 
space onto itself, whose inverse is also continuous. 

Theorem 3. If a space E satisfies the conditions of Theorems^ and\^ and, in addi- 
tion, the Fourier transform and the linear changes of variables in M. d are autohomeo- 
morphisms of E, then both the spaces M'(E) and C'(E) are contained in Cg(E) and in 
M e (E). 

Proof. We can assume that the symplectic form 9 is determined by an antisymmetric 
matrix •& via the formula 9(s, t) = s ■ where the dot denotes the usual inner product 
on R d . Let fx, fa £ E. It follows from {TJ and (HU) that 

(/i**/2)(*) = 7CT /// fi(t)f2(y)e 1 2 s - m -^- t ^ +ls - x dtdyds = 
= J I /i(t)/ 2 (tf) e^S [y-x- \M) dtdy = J h(t)f 2 (x + \9t) e itx dt = 

**htO I h{-™-\)h{x-t)e-^-M. (21) 



Hence, we have 



where 



fi *■& f2 — j , .A Ftifi) ®_4#-l /2, 
7r a det 



(F*f)(£) := J f(x)e 2ix ^dx. 
An analogous calculation gives 

fl *■& h = d , , a fl ®-40-i {Fdh)i 
■K a det 

where 

PW)(0 := f f(x)e- 2 ^^dx. 



It follows from the conditions of the theorem that each of the two symplectic Fourier 
transforms F$ and F$ is an autohomeomorphism of E, and, furthermore, e~ 2 * * € 
M{E®E). Therefore, by Theorem[H the twisted convolution products (F$f) ©_4^-i v 
and v ©_4#-i (F$f) with the deformation parameter — 4$ _1 are well defined for all 
/ G E and for all v G E', and moreover, are continuous in v. Because the twisted 
convolution and the Moyal multiplication extend by continuity uniquely to the case 
where one of the factors belongs to the dual space, we conclude that 

f ^ V= ^d^g (W) ®-4tf~ 1 v > " ** / = ^r\^0 V ®-4tf- 1 (?Bf) ■ (22) 

By Theorem Q] and formulas ()22[) . both the products f*$v and v*fl f belong to M(E), 
and the maps (/, v) — >•/■*# u and (/, v) — > v-k$ f from E x E' to M(E) are continuous. 
Further arguments are similar to those in the proof of Theorem [2J Let w € M'(E) C E' . 
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Then w*q f G M{E) by Theorem [TJ We need to show that w*$ f G E. From ([20]) . we 
have 

(w /, 5) = (w, f g) for all g £ E. (23) 
Let be the linear map v —> f -kg v from E 1 to M(E). Then 

(v, L' f w) = (w, f ** v) for all v G E' . (24) 

For v = g, the right-hand sides of equalities ([23]) and (}24"|) coincide and 

(g,L' fW )= [(L' f w)(€)g(€)d£. 

Therefore, w*$f coincides with the function L'jiv belonging to E. For any fixed v G E' , 
the map -E — > M(E) : f — > f v is continuous, and a fortiori continuous in the weak 
topologies of E and M(E). The function / — > (w,Lfv) is hence continuous in the 
topology a(E,E'). Consequently, the map E — > E: f — > L'jW = w f is weakly 
continuous. Because i£ is a Mackey space, this map is also continuous in its original 
topology. We conclude that w G AAq^l{E). Analogously, w G M.0,r(E), and hence 
M'(E) C A4$(E). From this result combined with the isomorphisms M(E) = C(E) 
and Me(E) = Cg(E), where in this case E = E, we deduce that C'(E) C Cg(E). The 
theorem is proved. □ 

Remark 3. It follows from formulas (|22p that under the conditions of Theorem [3l the 
algebras A4$ and C_ 4 ^-i(i?) = M._^-i{E) consist of the same elements of E' . In 
particular, for 6 = h,J with J being the standard symplectic matrix, the algebras 
M.hj and C ih -i j{E) consist of the same elements, and the algebra A42j(E) is Fourier 
invariant. 

6. Examples and concluding remarks 

Many of the spaces used in the theory of generalized functions are nuclear Frechet 
spaces or their strong duals. They are respectively abbreviated as FN and DFN spaces. 
These spaces have additional nice properties. In particular, the Ptak version of the 
closed graph theorem is applicable to them and the separate continuity of a bilinear 
map of the Cartesian product of such spaces to an arbitrary locally convex space is 
equivalent to the joint continuity of this map. Furthermore, the completed projective 
tensor product of two FN or DFN spaces is respectively an FN space or a DFN space 
(see. [27], [S2]). We note that every FN space is also an FS (Frechet-Schwartz) space 
and every DFN space is a DFS space. A survey of basic properties of FS and DFS 
spaces can be found, for example, in |33j . |34| . The formulations and proofs given 
above can be considerably simplified for these spaces. The Schwartz space S is the 
best-known example of an FN space. The spaces considered in |22j . |35| in the 
context of noncommutative field theory also belong to this class. The space S*p(M. ), 
/3 > 0, is defined as the projective limit proj lim S^ B (M. d ), where S^ B (R d ) is the 

Banach space of smooth functions on M. d with the finite norm 

11/11^ = sup (i + | x |)"]f^. (25) 

X,K -D 1 

(Here and hereafter, we use the standard multi-index notation adopted in [23], [29J.) 
The Fourier transformed space = 5?r belongs to the class of spaces K(M n ), where 
in this case M n (p) = e n l p l 1//3 , and satisfies the nuclearity condition j (M n /M n /)dp < 00, 
n' > n, indicated in [24J. If (3 > 1, then the space contains functions of compact 
support, and the elements of its dual (oS^)' are said to be tempered ultradistributions 
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(of the Beurling type). For fj < 1, the functions in S fi P(M d ) allow analytic continuation 
to as entire functions of order < 1/(1-/3). The space y 1 plays a particular role. 
Following Morimoto [36J, we call the elements of (y 1 )' tempered ultrahyperfunctions; 
they were used in axiomatic formulation of nonlocal quantum field theory with a funda- 

mental length (see [30] , [37] , [3B] and references therein) . It is easy to see that e 2 is a 
pointwise multiplier of yp(J^ 2d ) for any real bilinear form 9 on W 1 . The space y$ thus 
satisfies all the conditions of Theorem [T] and is hence an algebra under the star product 
-kg for any j3 > 0. In the study of noncommutative quantum field theory models, it is 
common practice to represent the Moyal product as the power series 

oo , . v n , 

(f*eg)(x) = f(x)g(x)+J2 [ \ ) ~, ^ xvx ■ ■ • . . . d^f(x)d Ul . . . d Vn g{x), (26) 

n=l ^ ' 

where "d^ is the matrix of the symplectic form 6. It was shown in [22] that if /3 < 1/2, 
then series (|26p converges absolutely for all f,g E y^ in each of norms (|25p . The 
space y 1 / 2 is a maximal FN subspace of S for which representation (|26p is absolutely 
convergent, and this space hence plays a special role in noncommutative field theory. 
Let E^ B (R d ) be the Banach space of smooth functions on M. d with the finite norm 

\\f\\-N,B= sup (1 + M)-^M (27) 

and let <§^ = inj limproj XvaxE^f* ' . 

jV->oo B^O 

Theorem 4. The space is contained in M.g{y^). For each w £ and each 
v E {S^Py, the Moyal products w-kgv and v-kgw are well defined as elements of (y^)' . 

Proof. By Corollary [2j to prove the first statement, it suffices to show the inclusion 
C C'(yP). Then the second statement also holds because the products under 
consideration are defined by duality for any w € A4g(y /3 ) and v € {y^Y. As proved 
in [25], the algebra C(y /3 ) consists of the same elements as the spacqj We 
want to show that the topology of C(y^) is not weaker than a(((o^y, S^) and hence 

c\yP) d ((^y a y = &t. 

If a functional u € (y^)' belongs to C(y"), then its continuous extension to S" 
can be constructed as follows. Let /o be a function in y$ with the property that 
/ fo(Z)d£ = 1, and let h € . We set 

(u,h) = y<«,M0/o(e-'M = J(u*h)(0dC, where ^(x) d = x)/ (x). (28) 

(the asterisk * here denotes ordinary convolution) . The integrand in (j28[) is a continuous 
function because translations act continuously on y@ and h is a pointwise multiplier 
of this space. There exists an Nq such that ||/i||-jvo,s < 00 f° r each B > 0, and for the 
function /ig € =5^, we hence have the estimate 



N , B \\fo\\N,B ( k )b^^b^\(k - + ie - xi^a + ixi)-^ 

< ||/ i ||- J v , B ||/o||7V, B (2B) |K| ^ K (l + 1*1)^(1 + |£|) % (29) 



In ,25], the notation S' 3 and was used instead of y 13 and (f 9 . The space of pointwise 

multipliers for 5^^ is shown there to be proj liminj YvtnE^ 3 . 



S-»0 JV->oo 
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Therefore, we find that for any N, B > 0, 

(l + iei)^ . (30) 

Because u G C(jT'P), for the neighborhood U = {g: ||5||jv +£i4-i,i < 1} m ^ > there 
exists a neighborhood V = {g: \\g\\N,B < such that u * g G U for all g G V. We let 
denote the right-hand side of inequality ([30]) . Then d\J h% G V, and consequently 

< ^AeCl + l^l)-^-^- 1 = ^ll/ilUiVo^ll/olliv+iVo^/aCl + lel)-^ 1 . (31) 



Thus, the integral in (|28p converges absolutely and the functional u is well defined on 
Since the right-hand side of ([3T|) contains the factor ||/i||_jv ,B/2> this functional 
is continuous on every space proj MmSfr , and is hence continuous on . We must 

also show that the functional defined by (|28p when restricted to coincides with 
the original one, which justifies using the same symbol for them. If h G J?*?, then an 
estimate similar to (|29j) yields the inequality 



(a0/o(£ - x)\\n,b < ||/»||iv+JVo,B/ a ||/olko,B/2(l + \£\r No , (32) 



which holds for any Nq,N, and B. It follows that the integral in (|28p remains absolutely 
convergent when u is replaced with any functional v G (J^)', because ||v||jv,b < °° for 
some N and 5. The corresponding sequence of integral sums is hence weakly funda- 
mental in S^P. But being a Montel space, is complete with respect to the weak 
convergence and this convergence implies the strong convergence (see Sec. 1.6.3 in [24J). 
Therefore, the sequence of integral sums converges in y^, and its limit inevitably equals 
h, because the topology of 5?$ is stronger than the topology of simple convergence. 
Now let Uj — > in C(J^). Then for the bounded set 

Q = f]{9- \\9\\n,b < ||^||-JVo,B/2||/o||w+Ar ,B/2} 

N,B 

and for the neighborhood eU = {g: \\g\\N +d+i,l < e } with arbitrarily small e, we can 
find 70 such that ti 7 * g G eXJ for all g G Q and all 7 > 7o- By (j30l) the family of 
functions (1 + \C\)~ N °h 

is in Q and we conclude that 
\{ Uj ,h}\ < J\(* h *ht)(0\dt<eJ(l + \£\)- d - 1 dZ forall7> 7 o. (33) 
Therefore, (uy, h) — > for any h G , which completes the proof. □ 

The GePfand-Shilov spaces Sa are DFN spaces, and the algebras A4g(Sa) were 

constructed and studied in [26 . A special role of the minimal nontrivial Fourier- 

1/2 

invariant space Sy 2 was also shown there. The other often used GePfand-Shilov spaces 
S@ = inj lim proj lim S^ B are neither Frechet nor DF spaces. This scale of spaces 

B— >oo N^-oo 

contains S°, which is the Fourier transform of the space @ of smooth functions with 
compact support. The possibility of using S° in noncommutative field theory was dis- 
cussed in |18| . [39] , We note that the spaces S 13 with /3 > were not given a topology 
in [23], where the notion of convergence of sequences was used instead. The above 
consideration nevertheless applies to them because these spaces when equipped with 
a natural topology are nuclear [3D], complete [UJ and are obviously barrelled, being 
inductive limits of Frechet spaces. As shown in [25], the algebra C{S^) consists of the 
same elements as the dual of E@ = inj lim E^ B = M(S^). 

N,B^oo 
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Theorem 5. The space E@ is contained in Aig(S l3 ). For each w £ E@ and each 
v S (S 13 )' , the Moyal products w -kg v and v -kg w are well defined as elements of (S^)'. 

Proof. Similarly to the above case of it suffices to show that the topology of C(S") 
is not weaker than a{{E^)' , E 13 ). A continuous extension of u € (S^ 3 )' to E@ can be 
defined by the same formula (|28|) . but with /o € S 13 . This time ||/i||_jv 0i £ < oo for 
some Nq , Bq > and an estimate analogous to (f29|) gives 

\\h\\ N ,B < ||^||-JV 0l Bo/2ll/olU+iV ,B / 2 (l + \ti\) No for any N > 0. (34) 

Therefore, the family of functions (1 + |£|) _Ar °/i§ is bounded in S^. Let U be the 
neighborhood of the origin in S@ defined as the absolute convex hull of the set 

[J{9- \\9\\N +d+l,B < !}• 
B 

All functions in U are then dominated by (1 + \x\)^ No ^ d ^ 1 . Because the image of any 
bounded set under the continuous map g — > u * g is absorbed by the neighborhood U, 
we see that the integral in (|28p converges and determines a continuous linear functional 
on E@. If h 6 S@ , then in this case, (|32p holds for some B and for any N and Nq. 
Hence, the integral in (I28p remains absolutely convergent when u is replaced with any 
linear functional defined and continuous on the Montel space proj lim S^J Bl+£ , where 

B\ > B, and we deduce that the constructed functional restricted to S@ coincides with 
the initial one. Finally, let n 7 — > in C(S^). Then for the bounded set 

Q = f]{9- \\9\\n,Bo < ||^||-Aro,Bo/2ll/olU+JV 0) Bo/2} 
N 

and the neighborhood e U, there exists 70 such that n 7 * g S e U for all g € Q and all 
7 > 70. By (j34l) . the family (1 + |£|) -iVo ^£ is contained in Q, and we arrive at (|33|) . 
which completes the proof. □ 

We note that for any 9, the algebras A4g(J> fi ^) and A4g(S^) contain all polynomials, as 
does the Moyal multiplier algebra of the Schwartz space. Furthermore, for any (3 > /?o, 
where < Po < 1, these algebras contain the entire functions of order < 1/(1 — /3o ) (and 
minimal type in the case of ftAg{5 fi P°)), that are polynomially bounded on the real space. 
In particular, for any /3 > 0, the algebra Mg{S") contains the space ^5*exp consisting of 
entire functions of exponential type satisfying the condition |/(z)| < C(l + |z|) Ar e fe l Im2: ', 
where the constants C, ./V and b depend of /. This generalizes an earlier result [8], [TO] 
for Mg(S). 

Remark 4. Using reasoning similar to that for Sa in the proof of Lemma 1 in |26| . we 
can show that 5^^ is dense in A4g(S fi ^) . In accordance with what was said at the end 
of Section El it follows that Aig^ 13 ) is an algebra under the Moyal product and (y^)' 
is an M.g(yP)-bimodule. Analogously, (S 13 )' is a bimodule over the algebra M.g(S /3 ). 

The Weyl transforms of the constructed Moyal multiplier algebras, or, in other words, 
their operator realization in a Hilbert space, will be considered in a forthcoming paper. 

Appendix 

The following simple lemma is useful in considering linear representations of topo- 
logical groups in Montel function spaces. 
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Lemma 1. Let E be a Montel space of functions on a set X, and let the topology of 
E is stronger than that of pointwise convergence. Let T be a linear representation of 
a locally compact group Q in E. If for any function f £ E, there exists a compact 
neighborhood IC of unity e in Q such that the set {T a f- a £ IC} is bounded in E and if 
linia^e (T a f)(x) = f {x) for all x £ X, then the representation T is continuous. 

Proof. If {a n } is a sequence converging to e in Q, then a n £ K, for sufficiently large 
n, and the sequence {T a „f} is hence bounded in E. By the definition of a Montel 
space [27], such a sequence has at least one limit point. Since the topology of E is 
stronger than the topology of pointwise convergence, it follows from the limit relation 
lim a _ ) . e (7^/)(x) = f(x) that only / can be its limit point, and therefore T an f — > f ■ 
Next, we use the generalized Banach-Steinhaus theorem ( Sec. III. 4. 2 in |27j). which 
is applicable to Montel spaces. By that theorem, the pointwise boundedness of the 
operator set {T a } a eK. implies that for any absolutely convex neighborhood U of zero 
in E, there exists a neighborhood V such that T a (V) C U for all a £ IC. Writing 
T a f — fo = T a {f — fo) + T a fo — /o, we see that for the neighborhood U and any function 
fo £ E, there exists a neighborhood JC'(e) such that T a f £ fo + U for all / £ fo+hV and 
a € K! , i.e. the map QxE — > E: (a, /) — > T a f is continuous at the point (e, fo). Writing 
T a f — T ao fo = Ta (T a ~i a f — fo), we conclude that this map is continuous everywhere. 
The lemma is proved. □ 
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